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ON FANO AND WEAK FANO
BOTT-SAMELSON-DEMAZURE-HANSEN VARIETIES
B. NARASIMHA CHARY
Abstract. Let G be a simple algebraic group over the field of complex numbers. Fix
a maximal torus T and a Borel subgroup B of G containing T . Let w be an element of
the Weyl group W of G, and let Z(w˜) be the Bott-Samelson-Demazure-Hansen (BSDH)
variety corresponding to a reduced expression w˜ of w with respect to the data (G,B, T ).
In this article we give complete characterization of the expressions w˜ such that the
corresponding BSDH variety Z(w˜) is Fano or weak Fano. As a consequence we prove
vanishing theorems of the cohomology of tangent bundle of certain BSDH varieties and
hence we get some local rigidity results.
Keywords: Bott-Samelson-Demazure-Hansen varieties, Fano and weak Fano varieties,
and Mori cone.
1. Introduction
Let G be a simple algebraic group over the field C of complex numbers. Let T be a
maximal torus in G, and B be a Borel subgroup of G containing T . Let NG(T ) be the
normalizer of T in G and let W := NG(T )/T be the Weyl group of G. For w ∈ W , let
X(w) be the corresponding Schubert variety in the flag variety G/B. Let w˜ = sβ1 · · · sβr
be a reduced expression of w, where βk for 1 ≤ k ≤ r are simple roots. Let Z(w˜) be
the BSDH variety corresponding to the expression w˜, which is a natural desingularization
of the Schubert variety X(w˜). In [And14] and [Ch2], the authors described the divisors
D in Z(w˜) such that the pair (Z(w˜), D) is log Fano and in [AS14] the case of Schubert
varieties were considered. A smooth projective variety X is called Fano (respectively,
weak Fano) if its anti-canonical divisor −KX is ample (respectively, nef and big). In
[Ch2], we obtained some expressions w˜ for which the BSDH variety Z(w˜) is Fano or weak
Fano by using the degeneration of a BSDH variety as a Bott tower which is a toric variety.
In this paper, we characterize all the expressions w˜ of w such that the BSDH variety
Z(w˜) is Fano or weak Fano. In [CKP15], we proved that when G is simply laced, the
higher cohomology groups of the tangent bundle of BSDH varieties vanish. In [CK17] and
[Ch2], we obtained some vanishing results of the cohomology of tangent bundle of BSDH
varieties for non simply laced groups and we observed that these vanishing results depend
2010 Mathematics Subject Classification. 14F17, 14M15.
The author is supported by AGIR Pole MSTIC project run by the University of Grenoble Alpes,
France.
1
2 B. NARASIMHA CHARY
on the given reduced expression w˜. The case of non-reduced expressions were considered
in [CKP]. Here we prove some vanishing results for certain BSDH varieties.
To describe the results we need some notations. Let w˜ = sβ1 · · · sβi · · · sβj · · · sβr be a
reduced expression of w and let βij := 〈βj , βˇi〉 for j > i, where βˇi is the co-root of βi (see
Section 2 for more details). For 1 ≤ i ≤ r, define
η+i := {r ≥ j > i : βij > 0} and η
−
i := {r ≥ j > i : βij < 0}.
Let s(i) be the least integer j > i such that βij > 0. Define
η−i,s(i) := {s(i) > j > i : βij < 0}.
We write the integers βij for j > i in the matrix form:

0 β12 β13 . . . β1r
0 0 β23 . . . β2r
0 0 0 . . . β3r
...
...
. . .
...
0 . . . . . . 0

r×r
Then the cardinality |η+i | (respectively, |η
−
i |) of η
+
i (respectively, of η
−
i ) gives the number
of positive (respectively, negative) entries in ith row of the matrix. If there exists a positive
entry in ith row, then |η−i,s(i)| gives the number of negative entries in i
th row between (i+1)th
and (s(i)− 1)th column. Note that in the matrix, since βk’s are simple roots, the positive
entries are 2 and the negative entries are −1,−2 or −3.
Let 1 ≤ i ≤ r. If |η−i | = 1 (respectively, |η
−
i | = 2 ), then set η
−
i = {l} (respectively,
η−i = {l1, l2}). If |η
−
i,s(i)| = 1 (respectively, 2), then η
−
i,s(i) := {m} (respectively, η
−
i,s(i) :=
{m1, m2}).
• N Ii is the condition that
Case 1: |η+i | = 0, |η
−
i | ≤ 1, and if |η
−
i | = 1 then βil = −1; or
Case 2: |η+i | = 1, |η
−
i,s(i)| = 1 and βim = −1.
• N IIi is the condition that
Case 1: Assume that |η+i | = 0. Then |η
−
i | ≤ 2, and if |η
−
i | = 1(respectively, 2)
then βil = −1 or −2 (respectively, βil1 = −1 = βil2).
Case 2 : If |η+i | ≥ 1, then |η
−
i,s(i)| ≤ 2, and if |η
−
i,s(i)| = 1(respectively, 2), then
βim = −1 or− 2 (respectively, βim1 = −1 = βim2).
Example 1.1. Consider the following matrices:
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(1)

0 −1 0 0 0
0 0 2 −1 2
0 0 0 0 0
0 0 0 0 −1
0 0 0 0 0
 , (2)

0 −1 0 −1 0
0 0 0 −2 0
0 0 0 0 −1
0 0 0 0 −2
0 0 0 0 0
 , (3)

0 2 −1 2 −1 2
0 0 2 −1 2 0
0 0 0 0 −2 0
0 0 0 0 −1 −1
0 0 0 0 0 −1
0 0 0 0 0 0
,
(4)

0 2 −1 −1 2
0 0 2 −2 2
0 0 0 −1 0
0 0 0 0 −1
0 0 0 0 0
 and (5)

0 −1 −1 −1 0
0 0 −1 0 −1
0 0 0 0 −3
0 0 0 −2 0
0 0 0 0 0
.
Then, in the matrix (1), the condition N Ii holds for all 1 ≤ i ≤ 5. For the matrices (2),
(3) and (4), the condition N IIi holds for all 1 ≤ i ≤ 5. For the matrix (5), N
II
2 and N
II
4
holds, but N II1 , N
I
2 , N
II
3 and N
I
4 does not hold.
Definition 1.2. We say that Z(w˜) satisfies condition I (respectively, condition II) if N Ii
(respectively, N IIi ) holds for all 1 ≤ i ≤ r.
Note that for all 1 ≤ i ≤ r, N Ii =⇒ N
II
i . Hence if Z(w˜) satisfies condition I, then it
also satisfies the condition II. Also note that in the condition N Ii , if |η
+
i | = 0 and |η
−
i | = 0
for all 1 ≤ i ≤ r, then the corresponding matrix is zero matrix and Z(w˜) ≃ P1 × · · · × P1
(r-times).
We prove the following:
Theorem (see Theorem 5.3).
(1) Z(w˜) is Fano if and only if it satisfies I.
(2) Z(w˜) is weak Fano if and only if it satisfies II.
Recall that a Coxeter type element is an element of the Weyl group having a reduced
expression of the form sβ1sβ2 · · · sβr , r ≤ rank(G) such that βj 6= βk whenever j 6= k (see
[Hum11, Section 4.4, page 56]). Note that for a Coxeter type element w, it is known
that the Schubert variety X(w) is a toric variety and hence Z(w˜) is also a toric variety
(see [Kar13]). By using a vanishing result for the cohomology of tangent bundle on Fano
toric varieties and using the above theorem we get the following result. Let TZ(w˜) be the
tangent bundle of Z(w˜). Then,
Corollary (see Corollary 6.1 and Corollary 6.2). If w˜ is Coxeter type element and Z(w˜)
satisfies I, then Hj(Z(w˜), TZ(w˜)) = 0 for all j > 0. In particular, Z(w˜) is locally rigid.
The organization of the article: In Section 2, we set up the notations and recall the
construction of BSDH varieties. Section 3, contains the results on Mori cone of the BSDH
variety. Section 4, contains some results on canonical line bundle of BSDH variety. In
Section 5 and 6, we prove the main theorem and some applications.
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2. Preliminaries
Let G be a simple algebraic group over the field of complex numbers. Fix a maximal
torus T and B a Borel subgroup containing T . We denote by R the set of all roots, by
R+ (respectively, R−) the set of positive (respectively, negative) roots, by S the set of
simple roots corresponding to the data (G,B, T ) and by W the associated Weyl group.
Let S = {α1, . . . , αn}, where n is the rank of G. The simple reflection corresponding to
the simple root α is denoted by sα. For w ∈ W , let w˜ = sβ1 · · · sβr be a reduced expression
of w in simple reflections. For α ∈ S, we denote by Pα the minimal parabolic subgroup
of G generated by B and a representative of sα.
We recall that the Bott-Samelson-Demazure-Hansen (BSDH) variety corresponding to
a reduced expression w˜ = sβ1 · · · sβr is defined by
Z(w˜) = Pβ1 × · · · × Pβr/B
r,
where the action of Br on Pβ1 × · · · × Pβr is given by
(p1, . . . , pr) · (b1, . . . , br) = (p1 · b1, b
−1
1 · p2 · b2, . . . , b
−1
r−1 · pr · br),
pj ∈ Pβj , bj ∈ B for all 1 ≤ j ≤ r (see [BK07, p.73, Definition 1] and [Dem74]).
The variety Z(w˜) is smooth projective and it is a desingularization of the Schubert
variety X(w)(:= BwB/B ⊂ G/B) (see [Dem74]). We denote the natural birational
surjective morphism from Z(w˜) toX(w) and the composition map Z(w˜)→ X(w) →֒ G/B
by φw. Let fr : Z(w˜) −→ Z(w˜
′) denote the map induced by the projection
Pβ1 × · · · × Pβr −→ Pβ1 × · · · × Pβr−1,
where w˜′ = sβ1 · · · sβr−1. Note that fr is a P
1-fibration and we have the following cartesian
diagram (see [BK07, Page 66]):
Z(w˜) = Z(w˜′)×G/Pβr G/B
fr

φw
// G/B
f

Z(w˜′)
φw′
// G/Pβr
(2.1)
where f : G/B −→ G/Pβr is given by gB 7→ gPβr . Let σr : Z(w˜
′) −→ Z(w˜) denote the
map induced by the inclusion Pβ1×· · ·×Pβr−1 −→ Pβ1×· · ·×Pβr which takes (p1, . . . , pr−1)
into (p1, . . . , pr−1, 1). Then σr is a closed immersion. Let 1 ≤ i ≤ r. We denote by Zi,
the divisor in Z(w˜) given by
Zi := {[(p1, . . . , pr)] ∈ Z(w˜) : pi ∈ B}.
Let g (respectively, h) denote the Lie algebra of G (respectively, T ). Let X(T ) denote
the group of all characters of T . We have X(T )⊗ R = Hom(hR,R), the dual of the real
form hR of h. We denote 〈 , 〉 the positive definite W -invariant form on Hom(hR,R)
induced by the Killing form of g. For more details we refer to [Hum72] and also see
[Spr10]. We write βij = 〈βj, βˇi〉 = 〈βj, 2βi〉/〈βi, βi〉 for simple roots βi and βj .
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3. Mori cone of a BSDH variety
First we recall Mori cone of a smooth projective variety. Let X be a smooth projective
variety, let Z1(X) := {1-cycles of X}, where 1-cycle of X is a formal sum
∑
i aiCi with
irreducible curves Ci and ai ∈ Z. Consider the R-vector spaces
N1(X) := (Z1(X)/ ≡)⊗ R and N
1(X) := (CDiv(X)/ ≡)⊗ R,
where ≡ denotes numerical equivalence and CDiv(X) is the group of (Cartier) divisors
in X . It is known that N1(X) and N
1(X) are dual vector spaces via natural paring and
are finite dimensional (see [Kle66, Chapter IV]). Define NE(X) in N1(X) by
NE(X) := {
∑
finite
aiCi : ai ∈ R≥0 and Ci is an irreducible curve in X },
the real cone in N1(X) generated by classes of irreducible curves. The Mori cone NE(X)
of X is the closure of NE(X) in N1(X). Let Nef(X) (respectively, Amp(X)) be the cone
generated by classes of numerically effective (nef) (respectively, ample) divisors in N1(X).
Then Nef(X) (respectively, Amp(X)) is called nef cone (respectively, ample cone) of X .
By Kleiman’s criterion, the closure of Amp(X) in N1(X) is Nef(X) (see [Kle66, Section
1, Chapter IV] and also [Laz04, Theorem 1.4.23]). Also the nef cone Nef(X) is dual to
the Mori cone NE(X) (see [Kle66, Section 2, Chapter IV] and [Laz04, Page 61]).
We recall some results on Mori cone of BSDH varieties from [Per05] (see also [Per07]).
Denote Zi = Z(sβ1 · · · ŝβi · · · sβr), where â means a is removed (see Section 2.1). Note
that
Zi = f
−1
r · · · f
−1
i+1(Im(σi))
and it is a divisor in Z(w˜). For any K ⊂ [1, r] := {1, . . . , r}, denote
ZK =
⋂
i∈K
Zi
Note that the codimension of ZK is |K|. The classes of ZK form a basis ofN∗(Z(w˜)) and M.
Demazure completely described the structure of this group (see [Dem74, §4, Proposition
1]). In [LT04] and in [And14], the authors studied effective divisors in Z(w˜).
For 1 ≤ i ≤ r, define the curve Ci = Z[1,r]\i. These curves Ci for 1 ≤ i ≤ r form a basis
of N1(Z(w˜)) and also we have
[Ci] =
∏
j 6=i
[Zj].
Define
[C˜i] := [Ci]− [Cs(i)],
where s(i) is the least integer j > i such that βij > 0. Set [Cs(i)] := 0, if there is no such
s(i). Then we have the following result from [Per05, Proposition 4.2] (see also [Per07,
Corollary 2.15]):
Proposition 3.1.
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(1) The classes [C˜i] generate N1(Z(w˜)).
(2) NE(Z(w˜)) =
∑r
i=1R≥0[C˜i] and [C˜i]
′s are extremal rays.
4. The canonical line bundle of Z(w˜)
It is well known that the canonical line bundle OZ(w˜)(KZ(w˜)) is given by
OZ(w˜)(KZ(w˜)) = OZ(w˜)(−∂Z(w˜))⊗L(−δ),
where ∂Z(w˜) is the boundary divisor and δ is half sum of the positive roots (see [MR85,
Proposition 2]). By Cartesian diagram 2.1 (page 4), we can see that the relative tangent
bundle of fr : Z(w˜)→ Z(w˜
′) is the homogeneous line bundle L(βr) corresponding to the
root βr. We denote Dr, the corresponding divisor in Z(w˜). By abuse of notation Dj also
denote the pullback to Z(w˜) for all 1 ≤ j ≤ r − 1. Now we have,
Lemma 4.1. The canonical line bundle OZ(w˜)(KZ(w˜)) of Z(w˜) is given by
OZ(w˜)(KZ(w˜)) = OZ(w˜)(−
r∑
j=1
Dj).
Proof. Proof is by induction on r. If r = 1, then we are done. Assume that r > 1 and the
result is true for r − 1. Since fr : Z(w˜) → Z(w˜
′) is a P1-fibration, the relative canonical
bundle Kfr is given by
Kfr = OZ(w˜)(KZ(w˜))⊗ f
∗
r (OZ(w˜′)(KˇZ(w˜′)))
(see [Kle80, Corollary 24, page 56]). Then, by induction we see that
OZ(w˜)(KZ(w˜)) = Kfr ⊗ f
∗
r (OZ(w˜′)(−
r−1∑
j=1
Dj)).
Since Kfr = OZ(w˜)(−Tr), we have
KZ(w˜) = OZ(w˜)(−
r∑
j=1
Dj). 
We have the following.
Lemma 4.2. For all 1 ≤ i ≤ r, we have
−KZ(w˜) · [Ci] = 2 +
∑
j>i
βij .
Proof. By [Per05, Proposition 3.11], we have the following:
[Ci] · [Dj] =
{
0 if i > j
βij if i ≤ j
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Then by Lemma 4.1, we see that
−KZ(w˜) · [Ci] =
∑
j≥i
βij.
Since βii = 〈βi, βˇi〉 = 2, we get
−KZ(w˜) · [Ci] = 2 +
∑
j>i
βij . 
5. Fano or weak Fano BSDH varieties
In this section we study the Fano and weak Fano properties for BSDH varieties. We refer
to [Laz04] for more details on ample, big and nef divisors. First we prove the following
lemma (see [Ch1, Section 6] and also see [Har70, Chapter II]):
Lemma 5.1. Let X be a smooth projective variety and let U be an open affine subset of
X. Let D be an effective divisor with support X \ U . Then D is big.
Proof. It suffices to show that there exists an effective divisor E with support X \U such
that E is big. Indeed, we then have mD = E + F for some m ≥ 0 and for some effective
divisor F . Then E + F is big and hence so is D.
Assume that dim(X) = n. Then there exist algebraically independent elements
f1, . . . , fn in OX(U) over C. View f1, . . . , fn as rational functions on X , then f1, . . . , fn ∈
H0(X,OX(E)) for some effective divisor E with support X\U (since div(fi) is an effective
divisor with support in X \U for 1 ≤ i ≤ r). Thus, the monomials in f1, . . . , fn of any de-
gree m are linearly independent elements of H0(X,OX(mE)). So dim(H
0(X,OX(mE)))
grows like mn as m→∞. Hence E is big (see [Laz04, Corollary 2.1.38 and Lemma 2.2.3])
and this completes the proof. 
We get the following as a variant of Lemma 5.1.
Lemma 5.2. Let X be a smooth projective variety and D be an effective divisor. Let
supp(D) denotes the support of D. If X \ supp(D) is affine, then D is big.
We use the notation and terminology as in Section 1. Then we have:
Theorem 5.3.
(1) Z(w˜) is Fano if and only if it satisfies I.
(2) Z(w˜) is weak Fano if and only if it satisfies II.
Proof. Proof of (2): Since w˜ is a reduced expression, Z(w˜) has an open B-orbit (which is
affine), then by Lemma 5.2 we conclude that −KZ(w˜) is big. By Proposition 3.1 we have
NE(Z(w˜)) =
r∑
i=1
R≥0[C˜i].
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Note that the nef cone Nef(Z(w˜)) is the dual cone of NE(Z(w˜)) (see [Laz04, Proposition
1.4.28]). Hence
−KZ(w˜) is nef if and only if −KZ(w˜) · [C˜i] ≥ 0 for all 1 ≤ i ≤ r. (5.1)
We prove by using Lemma 4.2 that,
−KZ(w˜) is nef if and only if Z(w˜) satisfies II.
Assume that −KZ(w˜) is nef. Then by (5.1) we have
−KZ(w˜) · [C˜i] ≥ 0 for all 1 ≤ i ≤ r.
Fix 1 ≤ i ≤ r.
Case 1: Assume that there exists no such s(i). Then |η+i | = 0 and [C˜i] = [Ci]. Hence
−KZ(w˜) · [Ci] ≥ 0.
Then, by Lemma 4.2 we get
2 +
∑
j>i
βij ≥ 0.
Since there is no s(i), βij ≤ 0 for all j > i. Hence we have
−2 ≤
∑
j>i
βij ≤ 0.
Subcase (i): If
∑
j>i βij = 0, then βij = 0 for all j > i. Hence by definition of η
−
i , we
have |η−i | = 0. Therefore, Z(w˜) satisfies condition N
I
i .
Subcase (ii): If
∑
j>i βij = −1, then |η
−
i | = 1 and βil = −1. Hence Z(w˜) satisfies
condition N Ii .
Subcase (iii): If
∑
j>i βij = −2, then |η
−
i | = 1 or 2. If |η
−
i | = 1, then βil = −2. If
|η−i | = 2, then βil1 = −1 = βil2 . Hence Z(w˜) satisfies condition N
II
i .
Case 2: If there exists s(i), then [C˜i] = [Ci]− [Cs(i)]. By Lemma 4.2, we get
−KZ(w˜) · [C˜i] =
∑
j>i
βij −
∑
j>s(i)
βs(i)j .
Since βij = βs(i)j for j > s(i) and βis(i) = 2, we see that
−KZ(w˜) · [C˜i] = 2 +
∑
s(i)>j>i
βij .
Since −KZ(w˜) is nef, we get ∑
s(i)>j>i
βij ≥ −2.
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By definition of s(i), βij ≤ 0 for i < j < s(i). Since w˜ is a reduced expression, we have
− 2 ≤
∑
s(i)>j>i
βij < 0. (5.2)
Then
1 ≤ |η−i,s(i)| ≤ 2.
Subcase (i): If |η−i,s(i)| = 1, then by (5.2), βim = −1 or −2.
Subcase (ii): If |η−i,s(i)| = 2, then by (5.2), βim1 = −1 = βim2 .
Hence Z(w˜) satisfies II. Thus, if −KZ(w˜) is nef, then Z(w˜) satisfies II. Hence we
conclude that if Z(w˜) is weak Fano then Z(w˜) satisfies II. Similarly, we can prove that
if Z(w˜) satisfies II, then Z(w˜) is weak Fano.
Proof of (1): Since the ample cone Amp(Z(w˜)) is interior of the nef cone Nef(Z(w˜)),
(1) follows from Nakai-Kleiman criterion for ampleness (see [Laz04, Theorem 1.2.23]) and
by using the similar arguments as in the proof of (2). This completes the proof of the
theorem. 
Example 5.4. Let G = SL(5,C). We use the notation from [Hum72] and [Hum75].
(1) Let w˜ = s1s3. Then |η
+
i | = |η
−
i | = 0 for 1 ≤ i ≤ 2 and Z(w˜) ≃ P
1 × P1. Hence
Z(w˜) satisfies I.
(2) Let w˜ = s1s2s3. Then |η
+
i | = 0 and |η
−
i | = 1 for i = 1, 2, also we have β12 = β23 =
−1. So, Z(w˜) satisfies I and by above theorem, Z(w˜) is Fano.
(3) Let w˜ = s1s2s1. Then |η
+
1 | = 1, |η
+
2 | = 0, |η
−
1 | = |η
−
2 | = 1, and β12 = β23 = −1,
and so Z(w˜) satisfies I. Hence Z(w˜) is Fano.
(4) Let w˜ = s2s3s1s2. Then |η
+
1 | = 1 , |η
+
i | = 0 for i = 2, 3, |η
−
i | = 1 for i = 2, 3, and
s(1) = 4, |η−1,4| = 2; β12 = β24 = β34 = −1. So, Z(w˜) satisfies II but not I. Hence
Z(w˜) is weak Fano but not Fano.
Example 5.5. Let G = SO(7,C) (i.e. G is of type B3).
(1) Let w˜ = s2s3. Then |η
+
1 | = 0, |η
−
1 | = 1 and β12 = −1, so Z(w˜) satisfies I. Hence
Z(w˜) is Fano.
(2) Let w˜ = s3s2. Then |η
+
1 | = 0, |η
−
1 | = 1 and β12 = −2, so Z(w˜) satisfies II but not
I. Hence Z(w˜) is weak Fano but not Fano.
(3) Let w˜ = s2s3s1s2. Then |η
+
1 | = 1, |η
+
i | = 0 for i = 2, 3, |η
−
i | = 1 for i = 2, 3, and
s(1) = 4, |η−1,4| = 2; β12 = β34 = −1 and β24 = −2. So Z(w˜) does not satisfy I,
but it satisfies II, by above theorem, it is weak Fano but not Fano.
Example 5.6. Let G be the group of type G2 and let w˜ = s2s1. Then |η
+
1 | = 0, |η
−
1 | = 1
and β12 = −3. Hence Z(w˜) does not satisfy II and by above theorem, it is not weak Fano.
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6. Local rigidity of BSDH varieties
In [CKP15], [CK17], we obtained some vanishing theorems on cohomology of tangent
bundle of BSDH variety (see [CKP15, Proposition 3.1] and [CK17, Theorem 8.1]) and
in [CKP] the case when the expression w˜ is non-reduced is considered. In this section
we prove some vanishing results on the cohomology of tangent bundle of certain BSDH
varieties. Let TZ(w˜) denote the tangent bundle of Z(w˜). We have,
Corollary 6.1. If w˜ is a Coxeter type element and Z(w˜) satisfies I, then
Hj(Z(w˜), TZ(w˜)) = 0 for all j > 0.
Proof. First note that if w˜ is a Coxeter type element then the Schubert variety X(w)
is toric (see [Kar13]). Since w˜ is a reduced expression, φw : Z(w˜) → X(w) is a B-
equivariant birational morphism, it follows that Z(w˜) is also a toric variety. By Theorem
5.3, if Z(w˜) satisfies I, then Z(w˜) is Fano. By [BB96, Proposition 4.2], we see that
H i(Z(w˜), TZ(w˜)) = 0 for all j > 0. 
Then we have,
Corollary 6.2. If w˜ is Coxeter type element and Z(w˜) satisfies I, then Z(w˜) is locally
rigid (i.e, it does not have local deformations).
Proof. Since the elements of H1(Z(w˜), TZ(w˜)) bijectively correspond to the local deforma-
tions (see [Huy06, p.272, Proposition 6.2.10]), by Corollary 6.1, we conclude that Z(w˜)
has no local deformations. 
Remark 6.3. Note that the proof of [Per05, Proposition 4.2] works for the Kac-Moody
setting (see [Per05]), and hence we expect our results can be viewed in that setting also.
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